An integral for a reaction-diffusion system  by Britton, N.F.
Appl. Math. Lett. Vol. 4, No. 1, pp. 43-47, 1991 
Printed in Great Britain. All rights reserved 
0893~9659/91 $3.00 + 0.99 
Copyright@ 1991 Pergamon Press plc 
An Integral for a Reaction-Diffusion System 
N. F. BRITTON 
School of Mathematical Sciences, University of Bath 
(Received December 1989) 
Abstract. An unusual method for the analysis of a class of reaction-diffusion systems is pre- 
sented. Through an integration the system is reduced to a single reaction-diffusion equation 
with inhomogeneous terms arising from the initial conditions. The method is limited in its 
applicability but very quickly yields important results when it can be used. Some applications 
in epidemiology, chemistry, mycology and ecology are given. 
1. ANALYSIS 
In this note, we consider an unusual method for the reaction-diffusion system 
Ut = -f(u)v (1) 
wt = k(u)~ - bv + Au (2) 
with initial conditions u(x,O) = Q(X), v(x,O) = 2rc(x), where b is a constant. The class is 
quite specialized but it does have certain applications which we shall discuss later. The trick 
is to introduce the function w given by 
J 
t 
w(x,t) = V(X,T)dT (3) 
0 
From equation (l), 






Let us assume we can invert this to give 
u = P(W, uo> (5) 
This may be done, for example, if f is positive. Now note that we may integrate equation 
(2) using (3) and (1) to obtain 
w - v,, = wt - vc = q(u, uo) - bw + Aw (6) 
where we have defined 
J 
t q(u, o> = k(u)vdr 
0
Finally, defining g by g(w, uc) = q(p(w, uo), uo), (6) becomes 
wt =vo+g(w,uo)-bw+Aw (7) 
The equation may be analysed by standard techniques, and information on u and v obtained 
via equations (3) and (5). It should be noted that this method was discovered independently 
by J.P. Keener (personal communication) although not in such generality. 
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2. AN APPLICATION TO A MODEL FOR RABIES 
Consider the system derived from the Kermack and McKendrick [5] epidemic model and 
applied to rabies by KallCn [3] and KallCn et al. [4], namely 
ut = -uv 
vt = uv - bv + Av 
on R” with initial conditions 
u(x,O) = uo(x) = 1, v(x, 0) = 00(x) 2 0 (9) 
Here u represents the non-dimensional population density of susceptibles and v that of infec- 
tives. We shall consider the initial value problem corresponding to the localised introduction 
of a small number of infectives into a population of susceptibles. 
Here the functions f and L are given by f(u) = U, k(u) = u. Equation (4) becomes 
w = --Iog(u/uo) so that u = p(w, uo) = uge-“’ and Q(U, ue) = uo - u. Equation (7) becomes 
wt = v. + uo(l - e+‘) - bw + Aw 
or, with us = 1, 
wt = vo + (1 - e-“‘) - bw + AW 
= vo + h(w) + Aw 
(IO) 
where vo > 0 and h is as shown in Fig. 1. This is a generalized Fisher equation with 
an inhomogeneous term, and the following results are obtained immediately by standard 
methods (see, for example, Britton [l], and the references therein). Most of them were proved 
using longer methods by KallCn [3]. H owever, he did not prove the result on convergence to 
the travelling wave; this was a conjecture supported by numerical evidence. 
I. For b > 1, the steady state is asymptotically stable for sufficiently small initial con- 
ditions vo. In epidemiology, this corresponds to the infectious contact number being 
less than unity. 
II. For b < 1, the steady state is unstable. In one space dimension any non-zero initial 
condition with compact support leads to the propagation of a travelling wave of the 
epidemic in both directions, with speed c = 2m. For vo small it is approximately 
true that w + w*, where w* is the non-zero root of h(w) = 0. Thus u --, u* = ewwuI = 
1 - bw* > 0, and the total size of the epidemic (i.e., the total reduction in population 
density) at any point is bw*. An analogous result holds in two dimensions. 
The method thus gives the essential information required in an analysis of the model for 
the spread of rabies, and is much more efficient than the techniques previously employed. 
There are certain features of this particular example which help the analysis. These may 
be generalised as follows. Let f and k be linearly related, L(u) = af(u), and let f satisfy 
f > 0,f’ > 0 (11) 
Let the initial conditions for u be given by 
u(x, 0) = uo(x) = A 
constant. Then conclusions I or II above hold according to whether 
(12) 
(13) af(A) = b Zi 0 
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Fig. 1. The function h(w) = 1 - e-‘” - bw of equation (lo), (i) for b > 1, (ii) for b < 1. 
3. AN APPLICATION TO A CHEMICAL REACTION SYSTEM 
Consider the chemical reaction scheme 
A+B+2B 
when the component A is immobile and B diffuses. After non-dimensionalisation, we again 
obtain equations (8) so that the same conclusions hold here as for the rabies model. Merkin 
[6] consider convergence to a travelling wave for this system in the case that both chemicals 
diffuse. 
4. AN APPLICATION TO FUNGUS GROWTH 
Consider a fungus growing on a nutrient medium. Let the concentration of nutrient in 
the medium be given by u and the fungus density by v. Assume that the nutrient is fixed in 
the medium but that the fungus can diffuse. Let the rate of uptak e of nutrient by fungus 
be given by f(u)v e.g., f(u) = $& for Michaelis-Menten kinetics; but in general, we shall 
require f > 0, f’ > 0, as in (ll)), and let this be converted to fungal tissue with efficiency 
a. Finally assume that fungus dies at a specific rate b. Then, the equations are 
Ut = -f(u)v 
vt = af(u)v - bv + Av 
These are just equations (1) and (2), with k(u) = af(u). C onsider initial conditions appro- 
priate to adding a small amount of fungus to a medium of constant nutrient concentration, 
i.e., 
U(X, 0) = Q(X) = A, v(x, 0) = v,,(x) 1 0 
The problem is of the same form as the examples in the last two sections, and we expect a 
travelling wave or not depending on whether af(A) - b 2 0. For Michaelis-Menten kinetics, 
this may be interpreted as follows, but qualitatively similar results hold for any f satisfying 
(11). 
I. For b sufficiently large or a sufficiently small, aX < b, the steady state is asymptoti- 
cally stable for any initial nutrient concentration and sufficiently small initial fungus 
density. That is, the efficiency of conversion of nutrient to fungus tissue must exceed 
a certain value relative to the fungus death rate for any possibility of fungus growth. 
II. For aX > b and A < btc/(a,4 - b), the function h(w, A) looks like Fig. 1 (i). Thus, the 
steady state is still asymptotically stable for sufficiently small initial fungus density. 
That is, the initial nutrient density must exceed a certain value for fungus growth. 
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III. For aX > b and A > bK(aX-b), the function h(w,A) looks like Fig. 1 (ii). The steady 
state is unstable, and travelling waves result for nay non-zero initial conditions with 
compact support, as in the rabies problem. Thus, for sufficiently high initial nutrient 
concentration, we should expect a growing circular patch of fungus to be produced. 
This is indeed what occurs in many experiments. The speed of growth of this circular 
patch is given by c = 2 d_. 
5. AN APPLICATION TO PREY-PREDATOR DYNAMICS 
In this section, we show that the method can sometimes cope with constant advection. 
For example, consider the prey-predator equations 
g+e&-uv 
$ + 622 = auv - bv + Au 
Here u is phytoplankton (prey) density and v zooplankton (predator) density, and there is an 
ocean current which results in advective velocities of 01 for u and 0s for v. We assume that 
the only motion of phytoplankton is due to advection, but that the zooplankton can propel 
themselves and do so at random, resulting in the Au term. The interaction terms are the 
usual Lotka-Volterra ones except that we have neglected the birth rate of the phytoplankton. 
We consider initial conditions appropriate to the addition of a small number of zooplankton 
into a population of phytoplankton at constant density. 
u(x, 0) = uo(x) = A, v(x, 0) = Q(X) 2 0 
The model is appropriate for the analysis of any wave front of zooplankton propagating 
into the phytoplankton, on the assumption that the rate of predation in this front is much 
faster than the rate of recovery of phytoplankton. This model with b = 0 and no diffusion 
has been considered by Hashimoto [2], who obtained exact solutions. 
(i) 81 = f?z = 0. Change variables by defining 
7= t 
c =2- et 
The equations become 
BU 
- = -_uv ar 
8V 
- = auv - bv + AU 
87 
These are equations (1) and (2) with f(u) = u, /c(u) = au, and by a similar analysis to that 
in part 2, we expect travelling wave solutions for aA > b with speed c = 2dm in terms 
of the new variable < and r. 
(ii) 81 # 82. Change variables by defining 
r=t 
t = 2 - elt 
The equations become 
BU 
- = -uv 
a7 
au 
-=auv-bv+(81-Bz)DV+Av , ar at 
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We define w = Jo7 vdr = -log(z) using the first equation and the initial conditions, and 
the second equation may be integrated to obtain 
wT = v. - a(u - A) - bw + (0, - 6’2)~~ + Aw 
= vo + aA(1 - e-“’ ) - bw + (0, - 02)~~ + Aw 
A second change of variable u = 7, v = < + (0, + &)r leads to problems because of the 
necessity to transform vo = Q(E). However, if vo is so small that we can neglect this, the 
equation is again reduced to standard form. We therefore have the propagation of a travelling 
wave of zooplankton into the phytoplankton as long as aA > b, with speed 02 f 2dm 
relative to the (x,t) variables. The speed of the wave is thus dominated by the dynamics 
of the zooplankton, and includes elements due to advection and to reaction-diffusion. Note 
that the wave of zooplankton does not wipe out the phytoplankton, but reduces it to a 
constant lower level, as in the rabies model. It may then recover over a longer time scale, if 
the birth rate for phytoplankton is included in the model. 
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